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Abstract
In this paper we give explicit gauge invariant Lagrangian formulation for mas-
sive theories based on mixed symmetry tensors Φ[µν],α, T[µνα],β and R[µν],[αβ] both in
Minkowski as well as in (Anti) de Sitter space. In particular, we study all possible
massless and partially massless limits for such theories in (A)dS.
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Introduction
In four-dimensional flat Minkowski space-time massive particles are characterized by one
parameter — spin s and the most simple and economic description of such particles is the one
based on completely symmetric (spin)-tensors. But moving to the dimensions greater than
four, one faces the fact that representations of appropriate groups require more parameters
and as a result in many interesting cases such as supergravity theories, superstrings and
(supersymmetric) high spin theories one has to consider different mixed symmetry (spin)-
tensors [1]-[9]. In (Anti) de Sitter space the problem becomes even more complicated because
high spin fields in (A)dS reveal a number of peculiar features such as unitary forbidden regions
(i.e. not all possible values of mass and cosmological constant are allowed) and appearance
of partially massless theories [10]-[16]. Moreover, not all fields admit strictly massless limit
[17] making the very definition of mass for such fields problematic.
In our previous work on this subject [18] we use gauge invariant description for massive
high spin particles using completely symmetric tensor fields. Such formulation being uni-
tary and gauge invariant from the very beginning turns out to be very well suited for the
investigation of unitarity, gauge invariance and partial masslessness. In the present paper
we extended our previous results to the case of mixed symmetry tensors Φ[µν],α, T[µνα],β and
R[µν],[αβ]. In all three cases our strategy will be as follows. We start with the massless
theory in flat Minkowski space fixing the massless Lagrangian and the structure of gauge
transformations. Then by adding appropriate number of Goldstone fields we construct gauge
invariant formulation for massive particle. Note that gauge transformations for mixed ten-
sors often turn out to be reducible and the definition of appropriate set of Goldstone fields is
not so trivial as in the case of symmetric tensors. After that we consider a deformation of the
constructed model to the (A)dS. In contrast with the massless theories our massive gauge
invariant models admit smooth deformation to (A)dS without introduction any additional
fields. At last, having in our disposal massive theory we study all possible massless as well
as partially massless limits.
1 Φ[µν],α tensor
Our first example will be the third rank tensor Φ[µν],α antisymmetric on the first two indices
and satisfying the relation Φ[µν,α] = 0 Using these properties it is easy to check that the
following free (quadratic) Lagrangian
L0 = −1
2
∂αΦµν,β∂αΦµν,β +
1
2
∂αΦ
µν,α∂βΦµν,β + ∂µΦ
µν,α∂βΦβν,α +
+2∂αΦ
µν,α∂µΦν + ∂
αΦβ∂αΦβ − (∂Φ)(∂Φ) (1)
is invariant under the two gauge transformations
δΦµν,α = ∂µxνα − ∂νxµα + 2∂αyµν − ∂µyνα + ∂νyµα (2)
where parameter x{αβ} is symmetric while y[αβ] — antisymmetric. Note that these gauge
transformations are reducible in a sense that if one set
xαβ = 3(∂αξβ + ∂βξα) yαβ = −∂αξβ + ∂βξα (3)
1
then δΦµν,α = 0.
In is not possible to rewrite our Lagrangian as a square of some gauge invariant quantity
because there is no combination of the first derivatives of Φ[µν],α that would be invariant
under both gauge transformations (that will require two derivatives [8, 9]). As is rather well
known one can however introduce tensor T[µνα],β
Tµνα,β = ∂µΦνα,β − ∂νΦµα,β + ∂αΦµν,β (4)
which is invariant under the xαβ-transformations but not invariant under the yαβ-ones. Then
one rewrite the Lagrangian in the following simple form:
L0 = −1
6
T µνα,βTµνα,β +
1
2
T µνTµν (5)
where T[µν] = Tµνα,
α.
It is interesting that there exist one more possibility. Namely, one can introduce another
tensor R[µν],[αβ]
Rµν,αβ = ∂αΦµν,β − ∂βΦµν,α + ∂µΦαβ,ν − ∂νΦαβ,ν (6)
which is invariant under the yαβ-transformations but not under the xαβ-ones and rewrite the
same Lagrangian in a very suggestive form:
L0 = −1
8
[Rµν,αβRµν,αβ − 4RµνRµν +R2] (7)
Let us turn now to the massive case. We have two gauge invariances with the parameters
xαβ and yαβ so we introduce two Goldstone fields: symmetric tensor h{αβ} and antisymmetric
one B[αβ] with their usual kinetic terms:
∆L0 = 1
2
∂µhαβ∂µhαβ − (∂h)µ(∂h)µ + (∂h)µ∂µh− 1
2
∂µh∂µh+
+
1
2
∂µBαβ∂µBαβ + ∂
µBαβ∂αBβµ (8)
and their own gauge transformations:
δhαβ = ∂αxβ + ∂βxα δBαβ = ∂αyβ − ∂βyα (9)
With the help of these fields it is easy to check that the sum of massless Lagrangians sup-
plemented with the following low derivatives terms:
Lm = −m
√
2(Φµν,α∂
µhνα + Φµ(∂h)
µ − Φµ∂µh)−
−m
√
6
2
(Φµν,α∂
αBµν + 2Φµ(∂B)
µ) +
+
m2
2
Φµν,αΦµν,α −m2ΦµΦµ (10)
is still invariant under the xαβ , yαβ transformations provided
δhαβ = m
√
2xαβ δBαβ = m
√
6yαβ (11)
2
But our two Goldstone fields hαβ and Bαβ are the gauge fields themselves, so we have to
take care about their own gauge transformations with the parameters xα and yα. At first
sight it seems that one needs two vector fields to achieve this goal. But due to reducibility
of gauge transformations for Φµν,α field mentioned above it turns out that it is enough to
introduce only one additional vector fields, the role of the second one playing the field Φµν,α
itself. Indeed, by introducing vector field Aµ and adding to the Lagrangian the following
additional terms:
∆L = −1
4
Aµν
2 +mβ[hαβ∂αAβ − h(∂A) +
√
3Bαβ∂αAβ ]−
−m2
√
2βΦµAµ −m2d− 1
d− 3Aµ
2 (12)
we managed not only keep the invariance under the xαβ and yαβ transformations, but also
to achieve the invariance under the xα and yα transformations, provided:
δΦµν,α = mα[(gναxµ − gµαxν) +
√
3(gναyµ − gµαyν)]
δAµ = mβ[xµ +
√
3yµ] (13)
where α = − 1√
2(d−3)
, β =
√
d−2
d−3
. Not that while the structure of massless Lagrangians does
not depend on the dimension of space-time d, the structure of massive ones does. In this
section we will assume that d ≥ 4.
One could note that the vector field Aµ is also a gauge field and it seems necessary to
introduce one more Goldstone field, namely the scalar one. Once again it is important to
note that the gauge transformations for Bαβ are also reducible because if one set yα = ∂αΛ
then δBαβ = 0. As a result one can check that without introduction of any additional fields
the Lagrangian obtained already invariant under the appropriate transformations which look
like:
δAµ = ∂µΛ δhαβ =
m√
(d− 2)(d− 3)
gαβΛ (14)
Collecting all pieces together we have the description of massive particle in terms of four
fields Φµν,α, hαβ, Bαβ and Aµ which is invariant under five gauge transformations with the
parameters xαβ , yαβ, xα, yα and Λ. Note that in d = 4 the field Φµν,α does not describe any
physical degrees of freedom, while the fields hαβ , Aµ and Bαβ in the massless limit provide
helicities ±2, ±1 and 0, respectively. So in d = 4 our theory is just alternative description
of the usual massive spin-2 particle. But in d > 4 the field Φµν,α does introduce additional
physical degrees of freedom, so such theory corresponds to massive representation different
from the one described by usual Fierz-Pauli Lagrangian.
Now let us turn to the (Anti) de Sitter space. We denote covariant derivative as Dµ and
use the normalization
[Dµ, Dν ]Aα = Rµν,α
βAβ, Rµν,αβ = −Ω(gµαgνβ − gµβgνα), Ω = 2Λ
(d− 1)(d− 2) (15)
where Λ — cosmological constant. As is well known in the (A)dS even for the massless
fields gauge invariance requires that the non-derivative mass-like terms were present in the
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Lagrangian. Moreover, in many cases it is not even possible to have strictly massless limit at
all. So it is convenient to organize the calculations just by the number of derivatives exactly
as in flat space. Then the procedure looks as follows. We start with the sum of ”massless”
Lagrangians for all fields (i.e. the Lagrangians that would describe massless fields in flat
space)
L0 = L0(Φµν,α) + L0(hαβ) + L0(Bαβ) + L0(Aµ) (16)
in which all derivatives are replaced by the covariant ones1. Let us consider the gauge
transformations:
δ0Φµν,α = Dµxνα −Dνxµα + 2Dαyµν −Dµyνα +Dνyµα
δ0hαβ = Dαxβ +Dβxα δ0Bαβ = Dαyβ −Dβyα δ0Aµ = DµΛ (17)
where all derivatives are also covariant ones. Because the covariant derivatives do not com-
mute the Lagrangian L0 is not invariant under such transformations, but as the form of
Lagrangian and gauge transformations is the same as in flat space the residue contains only
terms with one derivative:
δ0L0 = −2Ωxα[2(Dh)α + (d− 3)Dαh] +
+2Ωxαβ [(2d− 3)DµΦµα,β + dDαΦβ − dgαβ(DΦ)] + (18)
+3Ωyαβ[3DµΦµα,β − 2(d− 6)DαΦβ]
These terms do not influent the calculations of variations with two derivatives, so we keep
the same structure of the terms in the Lagrangian with one derivative as in flat case:
L1 = −α1[Φµν,αDµhνα + Φµ(Dh)µ − ΦµDµh]−
−α2
2
[Φµν,αD
αBµν + 2Φµ(DB)
µ] +
+β1[h
αβDαAβ − h(DA)] + β2BαβDαAβ (19)
as well as the form of non-derivative terms in the transformation laws:
δ1Φµν,α = − α1
2(d− 3)(gναxµ − gµαxν)−
α2
2(d− 3)(gναyµ − gµαyν)
δ1hαβ = α1xαβ +
β1
d− 2gαβΛ (20)
δ1Bαβ = α2yαβ δ1Aµ = β1xµ + β2yµ
Due to such a choice all the variations with two derivatives cancel each other and we obtain:
δ0L1 + δ1L0 = Ωxα[α1d
2 − 7d+ 9
d− 3 Φα + 2β1(d− 1)Aα]− Ωα2
d2 − 3d+ 3
d− 3 y
αΦα +
+Ωα1x
αβ(dhαβ − gαβh)− 3Ωα2(d− 2)yαβBαβ (21)
1 Note that due to non-commutativity of covariant derivatives there is an ambiguity because the resulting
Lagrangian depends on the order of derivatives in the initial one. Different choices lead to slightly different
form of mass-like terms, but all choices correspond to physically equivalent theories.
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Now we add the most general mass-like terms to the Lagrangian:
L2 = c1
2
Φµν,αΦµν,α +
c2
2
ΦµΦµ + c3Φ
µAµ +
c4
2
Aµ
2 +
c5
2
hαβhαβ +
c6
2
h2 +
c7
2
BαβBαβ (22)
and require the cancellation of all variations with one derivative (taking into account δ0L0)
and without derivatives (including δ0L1+δ1L0). This allows one to express all the parameters
in the Lagrangian and the gauge transformations in terms of α1 and α2:
2c1 = α1
2 + 2Ω(2d− 3), c2 = −α12 − 2Ωd, c3 = −α1β1, c4 = −d− 1
d− 2β1
2,
c5 = −Ωd, c6 = Ω, c7 = 3Ω(d− 2), β1 =
√
d− 2
6(d− 3)α2, β2 =
√√√√3(d− 2)
2(d− 3)α1
and also gives a very important relation on these two parameters:
3α1
2 − α22 + 12Ω(d− 3) = 0 (23)
Now, having in our disposal massive theory, we can study which massless or partially
massless limits exist in such theory. First of all, let us note that in the gauge invariant
formalism we use the massless limit means the situation when all Goldstone fields decouple
from the main one. In the case at hand it would requires α1 = 0 and α2 = 0. But the
last relation clearly shows that for nonzero value of cosmological constant it is impossible to
have both α1 = 0 and α2 = 0 simultaneously. So, as it was already mentioned in [17], there
is no fully massless limit for the field Φµν,α in (A)dS. Instead, depending on the sign of the
cosmological constant, we could obtain one of the two possible partially massless limits. In
AdS (Ω < 0) one can set α2 = 0. As a result the whole system of four fields decouples into
two subsystems. One of them contains fields Φµν,α and hαβ with the Lagrangian
L = L0(Φµν,α) + L0(hαβ)− α1[Φµν,αDµhνα + Φµ(Dh)µ − ΦµDµh] +
+
3Ω
2
Φµν,αΦµν,α + Ω(d − 6)ΦµΦµ − Ωd
2
hαβhαβ +
Ω
2
h2 (24)
where α1 = 2
√
−Ω(d − 3), which is invariant under the following gauge transformations:
δΦµν,α = Dµxνα −Dνxµα + 2Dαyµν −Dµyνα +Dνyµα −
− α1
2(d− 3)(gναxµ − gµαxµ) (25)
δhαβ = Dαxβ +Dβxα + α1xαβ
As far as we know for the first time such system was considered in [17]. The rest of the fields
(Bαβ , Aµ) gives just the gauge invariant description of massive antisymmetric tensor with
the Lagrangian
L = L0(Bαβ) + L0(Aµ) +MBµνDµAν + M
2
4
BµνBµν (26)
which is invariant under:
δBµν = Dµyν −Dνyµ δAµ = DµΛ +Myµ (27)
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On the other hand in the de Sitter space we can set α1 = 0. Once again the whole system
decouples into two subsystems. This time we obtain partially massless theory with the fields
Φµν,α and Bαβ with the Lagrangian
L = L0(Φµν,α) + L0(Bαβ)− α2
2
[Φµν,αD
αBµν + 2Φµ(DB)
µ] +
+
Ω(2d− 3)
2
Φµν,αΦµν,α − ΩdΦµΦµ + 3Ω(d− 2)
2
BµνBµν (28)
where α2 = 2
√
3Ω(d− 3) and corresponding set of gauge transformations
δΦµν,α = Dµxνα −Dνxµα + 2Dαyµν −Dµyνα +Dνyµα −
−
√
3Ω
d− 3(gναyµ − gµαyµ) (29)
δBαβ = Dαyβ −Dβyα + α2yαβ
The rest fields hαβ and Aµ with the Lagrangian
L = L0(hαβ) + L0(Aµ) +
√
2Ω(d− 2)[hαβDαAβ − h(DA)]−
−Ωd
2
hαβhαβ +
Ω
2
h2 − Ω(d− 1)Aµ2 (30)
and gauge transformations
δhαβ = Dαxβ +Dβxα +
√
2Ω
d− 2gαβΛ δAα = Dα +
√
2Ω(d− 2)xα (31)
is just the gauge invariant description [18] of rather well known [10]-[16] partially massless
spin-2 theory in de Sitter space.
2 T[µνα],β tensor
Our next example — tensor field T[µνα],β antisymmetric on the first three indices and satis-
fying the constraint T[µνα,β] = 0. In flat Minkowski space we will use the following massless
Lagrangian
L0 = 1
2
∂ρT µνα,β∂ρTµνα,β − 3
2
(∂T )να,β(∂T )να,β − 1
2
∂βT
µνα,β∂ρTµνα,ρ +
+3∂βT
µνα,β∂µTνα − 3
2
∂ρT µν∂ρTµν + 3(∂T )
µ(∂T )µ (32)
where T[µν] = Tµνα,
α, which is invariant under two gauge transformations:
δTµνα,β = 3∂βηµνα + ∂αηµνβ + ∂µηναβ − ∂νηµαβ +
+∂µχνα,β − ∂νχµα,β + ∂αχµν,β (33)
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where parameter ηµνα completely antisymmetric on all indices, while χµν,α — mixed tensor
antisymmetric on first two indices and satisfying χ[µν,α] = 0. For what follows it is important
to note that these gauge transformations are also reducible, namely if one set
χµν,α = ∂µxνα − ∂νxµα + 2∂αyµν − ∂µyνα + ∂νyµα
ηµνα = −1
2
(∂µyνα − ∂νyµα + ∂αyµν) (34)
where xαβ is symmetric and yαβ is antisymmetric, then Tµνα,β remains invariant.
To obtain gauge invariant description of corresponding massive field we introduce two
Goldstone fields Φµν,α and Cµνα with the same symmetry properties as χµν,α and ηµνα,
respectively. The kinetic terms for these fields:
∆L = L0(Φµν,α)− 1
2
∂βCµνα∂βCµνα +
3
2
(∂C)µν(∂C)µν (35)
where L0(Φµν,α) is the same Lagrangian as we use in the previous section. Both fields have
its own gauge symmetries:
δΦµν,α = ∂µxνα − ∂νxµα + 2∂αyµν − ∂µyνα + ∂νyµα
δCµνα = ∂µzνα − ∂νzµα + ∂αzµν (36)
with xαβ symmetric, while yαβ and zαβ antisymmetric on their indices.
By straightforward calculations one can easily check that with the addition of the follow-
ing low derivatives terms
L1 = m
√
3[Tµνα,β∂
µΦνα,β − Tµν∂αΦµν,α − 2Tµν∂µΦν ] +
+
2m√
3
[Tµνα,β∂
βCµνα − 3Tµν(∂C)µν ]−
−m
2
2
[T µνα,βTµνα,β − 3T µνTµν ] (37)
the whole Lagrangian remains to be invariant under the χµν,α and ηµνα transformations
provided the Goldstone fields are transformed as foolows:
δΦµν,α = m
√
3χµν,α δCµνα = 2m
√
3ηµνα (38)
But our Goldstone fields are the gauge fields themselves, so one has to take care about
their own gauge symmetries with the parameters xαβ , yαβ and zαβ . At first sight it seems
that we need three more Goldstone fields one symmetric second rank tensor and two anti-
symmetric ones. But due to reducibility of gauge transformations for the field Tµνα,β it turns
out to be enough to introduce only one additional field, namely antisymmetric tensor B[µν].
Indeed with the addition to the Lagrangian the following new terms
∆L = 1
2
∂µBαβ∂µBαβ + ∂
µBαβ∂αBβµ −
−m
√
d− 3
d− 4[Φµν,α∂
αBµν + 2Φµ(∂B)
µ + 2Cµνα∂
µBνα] +
+m2[−
√
3(d− 3)
d− 4 T
µνBµν +
d− 2
d− 4B
µνBµν ] (39)
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we managed not only to keep invariance under the χµν,α and ηµνα transformations, but also
achieve the invariance under the transformations xαβ , yαβ and zαβ as well, provided
δTµνα,β =
2m√
3(d− 4)[gαβyµν − gνβyµα + gµβyνα +
+gαβzµν − gνβzµα + gµβzνα (40)
δBαβ = 2m
√
d− 3
d− 4(yαβ − zαβ)
One can see that our construction works for d > 4 only, because in d = 4 the trace part of
the Tµνα,β completely decouples in the massless Lagrangian. So we will assume that d ≥ 5.
It is still not the end of the story because our new Goldstone field Bαβ is a gauge field
itself. As we have already mentioned in the previous section gauge transformations for the
field Φµν,α are also reducible, as a result there is no need to introduce any new fields. Indeed,
it easy to check that the Lagrangian obtained so far already invariant under one more gauge
transformation with vector parameter zµ having the form:
δBαβ = ∂αzβ − ∂βzα δΦµν,α = − m√
(d− 3)(d− 4)
(gναzµ − gµαzν) (41)
Thus we have full massive theory with four fields Tµνα,β , Φµν,α, Cµνα and Bµν which is
invariant under the six gauge transformations with parameters χµ,αβ , ηµνα, xαβ , yαβ, zαβ and
zα. Let us turn now to (A)dS. We will follow the same procedure as in the previous case
and start with the sum of (covariantized) ”massless” Lagrangians for all four fields
L0 = L0(Tµνα,β) + L0(Φµν,α) + L0(Cµνα) + L0(Bµν)
as well as the following initial gauge transformations:
δ0Tµνα,β = 3Dβηµνα +Dαηµνβ +Dµηναβ −Dνηµαβ +
+Dµχνα,β −Dνχµα,β +Dαχµν,β
δ0Φµν,α = Dµxνα −Dνxµα + 2Dαyµν −Dµyνα +Dνyµα (42)
δ0Cµνα = Dµzνα −Dνzµα +Dαzµν
δ0Bαβ = Dαzβ −Dβzα
Now as the structure of Lagrangians and gauge transformations is the same as in the flat
case all variations with three derivatives cancel each other leaving us with terms containing
one derivative only (and proportional to cosmological constant):
δ0L0 = −3Ωχµν,α[(3d− 8)(DT )µν,α − (2d− 3)DαTµν − 2(2d− 3)gνα(DT )µ]−
−4Ωηµνα[4DβTµνα,β + 3(d− 9)DµTνα] + 9Ω(d− 3)zαβ(DC)αβ +
+2Ωxαβ [(2d− 3)DµΦµα,β + dDαΦβ − dgαβ(DΦ)] +
+3Ωyαβ[3DµΦαβ,µ − 2(2d− 6)DαΦβ] (43)
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These terms do not contribute to calculations of variations with two derivatives, so we keep
the same structure of the Lagrangian terms with one derivative:
L1 = α1[Tµνα,βDµΦνα,β − TµνDαΦµν,α − 2TµνDµΦν ] +
+
α2
3
[Tµνα,βD
βCµνα − 3Tµν(DC)µν ]−
−α5
2
[Φµν,αD
αBµν + 2Φµ(DB)
µ]− α6CµναDµBνα (44)
as well as the same structure of non-derivative transformations for all fields:
δ1Tµνα,β = α3[gαβyµν − gνβyµα + gµβyνα] +
+α4[gαβzµν − gνβzµα + gµβzνα]
δ1Φµν,α = α1χµν,α + α7(gναzµ − gµαzν) (45)
δ1Cµνα = α2ηµνα δ1Bαβ = α5yαβ + α6zαβ
In this, all variations with two derivatives indeed cancel each other provided:
α3 =
2α1
3(d− 4) , α4 =
α2
3(d− 4) , α7 = −
α5
2(d− 3)
and we obtain non-derivative terms only:
δ0L1 + δ1L0 = −Ωα1χµν,α[(2d− 3)Φµν,α − 2dgναΦµ] + Ωα2(d− 3)ηµναCµνα +
+Ω[2α1(d− 5)− 6α3(d− 1)]yµνTµν − 3Ωα5(d− 2)yµνBµν −
−2Ω[α2(d− 2) + 3α4(d− 1)]zµνTµν + Ω[2α7d− α5(d− 1)]zµΦµ (46)
At last we add to the Lagrangian the most general mass-like terms for all fields:
L2 = c1
2
T µνα,βTµνα,β +
c2
2
T µνTµν + c3T
µνBµν +
c4
2
BµνBµν +
+
c5
2
Φµν,αΦµν,α +
c6
2
ΦµΦµ +
c7
2
CµναCµνα (47)
and require the cancellation of all variations with one derivative (including δ0L0) and without
derivatives (taking into account δ0L1 + δ1L0). This allows us to express all the parameters
in the Lagrangian and gauge transformations in terms of α1 and α2
α5
2 =
4(d− 3)
3(d− 4)α1
2 + 12Ω(d− 3), α62 = d− 3
3(d− 4)α2
2 − 12Ω(d− 3)
c1 = −α1
2
3
− Ω(3d− 8), c2 = α12 + 3Ω(2d− 3), c3 = −α1α2
2
c4 =
d− 2
4(d− 3)α5
2, c5 = Ω(2d− 3), c6 = −2Ωd, c7 = −Ω(d − 3)
and gives us an important relation on this parameters:
4α1
2 − α22 + 36Ω(d− 4) = 0 (48)
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Thus we have a one parameter family of Lagrangians. But it is not evident which param-
eter or combination of parameters should be identified with mass because the last relation
means that exactly as in the previous case for the nonzero value of cosmological constant it
is not possible to set α1 = 0 and α2 = 0 simultaneously (recall that d 6= 4). So there is no
fully massless limit in (A)dS but there are two partially massless ones.
In Anti de Sitter space (Ω < 0) one can set α2 = 0. As a result the whole system
decompose into two subsystems. One of them with the fields Tµνα,β and Φµν,α with the
Lagrangian
L = L0(Tµνα,β) + L0(Φµν,α) + α1[Tµνα,βDµΦνα,β − TµνDαΦµν,α − 2TµνDµΦν ]−
−2ΩT µνα,βTµνα,β − 3
2
Ω(d− 9)T µνTµν + 1
2
Ω(2d− 3)Φµν,αΦµν,α − ΩdΦµΦµ (49)
where α1 = 3
√
−Ω(d − 4), which is invariant under the following gauge transformations
δTµνα,β = 3Dβηµνα +Dαηµνβ +Dµηναβ −Dνηµαβ +
+Dµχνα,β −Dνχµα,β +Dαχµν,β +
+
2α1
3(d− 4)[gαβyµν − gνβyµα + gµβyνα] +
δΦµν,α = Dµxνα −Dνxµα + 2Dαyµν −Dµyνα +Dνyµα + α1χµν,α (50)
gives us one more example of partially massless theory.
The other one with the fields Cµνα and Bµν is just gauge invariant description of massive
third rank antisymmetric tensor with the Lagrangian
L = L0(Cµνα) + L0(Bµν)− 2
√
−3Ω(d − 3)CµναDµBνα − Ω(d − 3)
2
CµναCµνα (51)
and gauge transformations
δCµνα = Dµzνα −Dνzµα +Dαzµν
δBµν = Dµzν −Dνzµ + 2
√
3Ω(d− 3)zµν (52)
In the de Sitter space (Ω > 0) one can set α1 = 0 instead. Once again the whole system
breaks into two decoupled subsystems. One of them give another partially massless theory
in terms of Tµνα,β and Cµνα with the Lagrangian
L = L0(Tµνα,β) + L0(Cµνα) + α2
3
[Tµνα,βD
βCµνα − 3Tµν(DC)µν ]−
−2ΩT µνα,βTµνα,β − 3
2
Ω(d − 9)T µνTµν − Ω(d− 3)
2
CµναCµνα (53)
where α2 = 6
√
Ω(d − 4), which is invariant under
δTµνα,β = 3Dβηµνα +Dαηµνβ +Dµηναβ −Dνηµαβ +
+Dµχνα,β −Dνχµα,β +Dαχµν,β +
+
α2
3(d− 4)[gαβzµν − gνβzµα + gµβzνα] + (54)
δCµνα = Dµzνα −Dνzµα +Dαzµν + α2ηµνα
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The rest fields Φµν,α and Bµν give exactly the same partially massless theory that we
have in the previous section for the de Sitter space.
So the general pattern of such massive theory both in Minkowski space as well as in (A)dS
resembles very much the one for the field Φµν,α considered in the previous section. It is not
hard to construct a generalization of this theory to the case of the tensor like T[µ1µ2...µn],ν
for arbitrary n. But more general case like R[µ1...µn],[ν1...νm] contains special symmetric case
m = n which requires separate study. The most simple (but may be the most interesting)
example — tensor R[µν],[αβ] which will be the subject of our next section.
3 R[µν],[αβ] tensor
Our last example — tensor R[µν],[αβ] antisymmetric on both first as well as second pair of
indices and satisfying Rµν,αβ = Rαβ,µν and R[µν,α]β = 0. We start with the massless case in
the Minkowski space and consider the Lagrangian
L0 = 1
8
∂ρRµν,αβ∂ρRµν,αβ − 1
2
(∂R)ν,αβ(∂R)ν,αβ − (∂R)ν,αβ∂βRνα −
−1
2
∂ρRµν∂ρRµν + (∂R)
µ(∂R)µ − 1
2
(∂R)µ∂µR +
1
8
∂µR∂µR (55)
It is easy to check that this Lagrangian is invariant under the following gauge transformations:
δRµν,αβ = ∂µχν,αβ − ∂νχµ,αβ + ∂αχβ,µν − ∂βχα,µν (56)
where parameter χµ,[αβ] antisymmetric on the two indices and satisfies χ[µ,αβ] = 0. Note that
due to symmetry property Rµν,αβ = Rαβ,µν we have only one gauge transformation instead
of two as for the previous cases. This gauge transformation is also reducible because if one
set
χµ,αβ = 2∂µyαβ − ∂αyβµ + ∂βyαµ (57)
where yαβ antisymmetric tensor, then Rµν,αβ remains invariant.
Following our general procedure we introduce one Goldstone field Φ[µν],α with the same
symmetry properties as χµ,αβ with the same massless Lagrangian and its own gauge trans-
formations as before. Then by adding the following low derivatives terms to the sum of
massless Lagrangians
L1 = m[Rµν,αβ∂µΦν,αβ − 2Rµν(∂Φ)µ,ν − 2Rµν∂µΦν +R(∂Φ)] −
−m
2
8
[Rµν,αβRµν,αβ − 4RµνRµν +R2] (58)
we can still have gauge invariance under the χµ,αβ transformations for massive field provided
δ1Φαβ,µ = mχµ,αβ (59)
Recall that our Goldstone field Φµν,α has its own gauge transformations with the param-
eters x{αβ} and y[αβ]. Due to reducibility of gauge transformations for Rµν,αβ it turns out
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that one has to introduce one new Goldstone field h{αβ} only. Indeed with the additional
terms
∆L = L0(hαβ)−mα2[Φµν,α∂µhνα + Φµ(∂h)µ − Φµ∂µh] +
+
m2
2
[−α2RµνHµν + α2
2
Rh +
d− 2
d− 4(h
µνhµν − h2)] (60)
our theory becomes invariant not only under χµ,αβ transformations, but under xαβ and yαβ
ones as well, provided
δ1Rµν,αβ =
2m
d− 4(gµαxνβ − gµβxνα − gναxµβ + gνβxµα)
δ1hαβ = mα2xαβ (61)
Here α2 = 2
√
d−3
d−4
. Once again, the whole construction works for d ≥ 5 only.
Moreover, due to the reducibility of gauge transformations of the field Φµν,α the La-
grangian obtained turns out to be invariant under one more gauge transformation with
vector parameter
δΦµν,α = − m√
(d− 3)(d− 4)
(gναxµ − gµαxν)
δhαβ = ∂αxβ + ∂βxα (62)
So the whole massive theory requires three fields Rµν,αβ , Φµν,α and hαβ only and has four
gauge transformations with the parameters χµ,αβ , xαβ , yαβ and xα.
Let us turn to the (A)dS case. As we have already noted our main field Rµν,αβ has one
gauge transformation only, so one may expect that there exist fully massless theory for this
field in (A)dS. Indeed if we consider the Lagrangian L0(Rµν,αβ) and gauge transformations
with the parameter χµ,αβ where all the derivatives are replaced by the covariant ones, then
the variation of such Lagrangian:
δ0L0 = −Ω[(d + 2)χµ,αβ(DR)ν,αβ + 10χα,βνDνRαβ + 10χα(DR)α + (d− 8)χαDαR] (63)
could be perfectly canceled by the addition of the following mass-like terms:
Lm = −Ω
8
[(d+ 2)Rµν,αβRµν,αβ − 20RµνRµν + (d− 8)R2] (64)
Now let us consider massive case. This time (due to existence of fully massless limit)
we will follow the same convention that we use in the case of completely symmetric tensor
fields [18], namely we will call ”mass” the parameter which would be the mass in the flat
space limit. So we introduce two additional fields Φµν,α and hαβ with their own massless
Lagrangians and gauge transformations and add to the sum of massless Lagrangians the
following terms with one derivative:
L1 = m[Rµν,αβDµΦν,αβ − 2Rµν(DΦ)µ,ν − 2RµνDµΦν +R(DΦ)]−
−α2[Φµν,αDµhνα + Φµ(Dh)µ − ΦµDµh] (65)
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as well as the following non-derivative terms to the transformation laws:
δ1Rµν,αβ =
2m
d− 4(gµαxνβ − gµβxνα − gναxµβ + gνβxµα)
δ1Φαβ,µ = mχµ,αβ − α2
2(d− 3)(gβµxα − gαµxβ) (66)
δ1hαβ = α2xαβ
Then straightforward calculations show that all variations with two derivatives cancel each
other leaving us with:
δ0L1 + δ1L0 = −Ω[3mχµ,αβΦαβ,µ − 2m(d− 6)χµΦµ +
+
2m(d− 3)
d− 4 (dx
αβRαβ − xR)− α2(dxαβhαβ − xh)] (67)
Now if we add the most general mass-like terms for all three fields:
L2 = c1
8
Rµν,αβRµν,αβ +
c2
4
RµνRµν +
c3
8
R2 +
c4
2
Φµν,αΦµν,α +
c5
2
ΦµΦµ +
+c6R
µνhµν + c7Rh+
c8
2
hµνhµν +
c9
2
h2 (68)
and require cancellation of all variations then we obtain the following expressions for the
parameters
c1 = −m2 − Ω(d+ 2), c2 = 2m2 + 10Ω, c3 = −m2 + Ω(d − 8),
c4 = 6Ω, c5 = 2Ω(d− 6), c6 = −mα2
2
, c7 =
mα2
4
,
c8 =
d− 2
d− 3α2
2 − 2Ω, c9 = −d− 2
d− 3α2
2 − Ω(d − 3)
as well as the following relation on the main parameter α2
α2
2 =
4(d− 3)
d− 4 [m
2 − Ω(d − 4)] (69)
In (A)dS one can set m = 0. In this the field Rµν,αβ decouples and gives fully massless
theory, while the others — Φµν,α and hαβ gives the same partially massless theory as in the
first section. At the same time in the de Sitter space we have unitary forbidden region,
because the last relation requires m2 ≥ Ω(d−4). The boundary of this region gives (α2 = 0)
partially massless theory with the fields Rµν,αβ and Φµν,α with the Lagrangian
L = L0(Rµν,αβ) + L0(Φµν,α) +
+m[Rµν,αβDµΦν,αβ − 2Rµν(DΦ)µ,ν − 2RµνDµΦν +R(DΦ)]−
−Ω
4
[(d− 1)Rµν,αβRµν,αβ − 2(d+ 1)RµνRµν + 2R2 −
−6Φµν,αΦµν,α − 4(d− 6)ΦµΦµ] (70)
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which is invariant under the following gauge transformations:
δRµν,αβ = Dµχν,αβ −Dνχµ,αβ +Dαχβ,µν −Dβχα,µν +
+
2m
d− 4(gµαxνβ − gµβxνα − gναxµβ + gνβxµα) (71)
δΦµν,α = Dµxνα −Dνxµα + 2Dαyµν −Dµyνα +Dνyµα +mχα,µν
In this, hαβ just describes the usual massless spin-2 particle.
Conclusion
In this paper we have managed to construct gauge invariant formulations for massive particles
described by mixed symmetry tensors Φ[µν],α, T[µνα],β and R[µν],[αβ]. In all three cases it
was crucial to take into account the reducibility of corresponding gauge transformations to
determine appropriate set of Goldstone fields. We have seen that such formulations admit
smooth deformation to the (Anti) de Sitter space without introduction of any additional
fields. This, in turn, allows us to investigate possible massless as well as partially massless
limits for such theories. Our results agree with the observations in [17] and give a number
of new examples of partially massless theories both in de Sitter as well as in Anti de Sitter
spaces. Here we did not try to consider generalizations to the more general mixed symmetry
tensors, but we hope that three explicit examples constructed provide a good starting point
for such generalizations.
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